This paper proposes an analysis of the manipulability of the Center of Mass (CoM) of humanoid robots. Starting from the dynamic equations of humanoid robots, the operational space formulation is used to express the dynamics of humanoid robots at their CoM and under their specific characteristics: a freefloating base, forces at contact points, and dynamic balance constraints. After a review of the kinematic manipulability of the CoM, the concept of dynamic manipulability of the CoM is introduced. The latter represents the ability of a humanoid robot to generate a spatial motion under a stability criterion. The size and shape of the dynamic manipulability of the CoM are a function of the joint torque limitations, the contact forces and the zero moment point used as a stability criteria. Two calculations of the CoM dynamic manipulability are proposed, a fast ellipsoid approximation, and the exact polyhedron computation. A case study illustrates the proposed approach on the HOAP3 humanoid robot and its use for mechanical design optimization.
INTRODUCTION
The analysis of the characteristics of robot manipulators has been extensively researched in recent decades. Several methods are devoted to indexes reflecting the relationship between the mechanical parameters and the performance of the robots. From a kinematic point of view, the workspace analysis is a good indica- * Address all correspondence to this author.
tor of the robot capabilities. Although it is difficult to give an analytical expression of the workspace, many studies have provided tools to analyze the workspace of robotic manipulators [1] [2] [3] [4] [5] [6] [7] . Secondly, a manipulability measure [8] and the Jacobian condition number [9] provide a local measure of the distance from a singular configuration of the robot. Further, the Jacobian condition number has been integrated over the workspace by Gosselin and Angeles [10] to define a global conditioning index. However, kinematic indexes are not sufficient to accurately characterize the performance of a robot. Its dynamic capabilities should also be taken into account. To this aim, several methods have been proposed. Yoshikawa's index [11] measures the uniformity of the torque-acceleration gain, whereas Asada's generalized inertia ellipsoid [12] characterizes the inverse of this gain. Later, Graettinger and Krogh [13] proposed the acceleration radius which measures the minimum acceleration radius of the end-effector in arbitrary directions for the given torque bounds on the actuators. From this perspective, Kim and Desa [14] proposed to characterize manipulators with acceleration sets providing mappings between the robot's inputs and outputs. Bowling and Khatib [15] proposed a general framework for capturing the dynamic capabilities of a general robot manipulator through the ellipsoid expansion model that provides the isotropic accelerations of the robot end-effector. Finally, they generalized their theory through the dynamic capability equations [16] , providing a tool to describe robot's acceleration and force capabilities.
Humanoids, on the other hand, are a combination of serial manipulators jointed at a common free-floating reference frame (typically located at the waist). Consequently, it is difficult to characterize these robots using indexes developed for strictly serial chains. Hence, recent works have proposed new tools for this task. Zacharias et al. [17] have proposed an analysis of the humanoid arms workspace capability, while Naksuk and Lee focused on the global robot motion with the Zero Moment Point (ZMP) manipulability ellipsoid [18] as an extension of the ZMP concept. Largely used in biomechanics studies of humans, the Center of Mass (CoM) is also a variable of interest in humanoid robotics. Used to describe the gait in biomechanics [19, 20] , the CoM is often used to control balance, gait and posture in humanoid robotics [21] . More precisely, the CoM acceleration is directly used to control the dynamic balance of humanoid robots through the ZMP concept [22] [23] [24] originally introduced by Vukobratovic [25, 26] . As the CoM provides relevant information in the study of humanoids, this paper introduces, following the CoM kinematic manipulability concept proposed by Naksuk and Lee [27] , a CoM dynamic manipulability concept.
First, the dynamic equations of a humanoid robot are expressed at the CoM utilizing the operational space formulation [28] . The operational space formulation is employed differently in that the CoM is a virtual end-effector. These equations include the complete characteristics of a humanoid robot: the freefloating base, the forces at contact points, and the dynamic balance constraints. Then, two approaches are presented to calculate the CoM dynamic manipulability. The first approach is quickly computable and provides an isotropic approximation of the CoM acceleration capabilities, while the second approach calculates the exact polyhedron. A case study illustrates the CoM dynamic manipulability of a HOAP3 humanoid robot during a stand up motion. Finally, an example of a HOAP3 design optimization, based on the CoM dynamic manipulability concept, is presented. Results are presented comparing the original HOAP3 design and the optimized version.
DYNAMICS AT THE CoM
In this section, the model is derived that provides the basis for the proposed CoM dynamic manipulability.
CoM as a Virtual end-Effector
Begin with the well-established dynamic equation of a humanoid robot in joint space: Γ Γ Γ = A A A()+C C C(,) + G G G() + Γ Γ Γ e e e ()
whereis the vector of n joint coordinates,the vector of n joint velocities andthe vector of n joint accelerations. The kinetic or inertia matrix is A A A(), C C C(,) is the centrifugal and coriolis matrix and G G G() is the gravity vector. The vector Γ Γ Γ is the joint torques and Γ Γ Γ e e e () is the vector of joint torques due to forces exerted by the environment at the contact points.
The operational space formulation of a serial manipulator, introduced by Khatib [28] , describes the dynamic behavior of the end-effector:
F F F = a a a()ẍ x x + c c c(,) + g g g()
where F F F is the vector of forces generated by the end-effector.
The vectorẍ x x is the acceleration of the end-effector in the Cartesian space. The pseudo-kinetic matrix is a a a(), c c c(,) is the centrifugal and coriolis force vector and g g g() is the gravity force vector.
Such a formulation cannot be directly applied to humanoid robots as they are not serial manipulators but a combination of serial manipulators with a common free-floating base. To describe the dynamics of the CoM of the humanoid robot, the endeffector, in the sense of the operational space, becomes the CoM. Consequently, it is most appropriate to speak in term of a virtual end-effector for the CoM acting as an end-effector in the operational space formulation. The real end-effectors of the robot,(feet and hands), must be included to take into account the forces acting at contact points, on the virtual end-effector. The dynamic equations of the humanoid robot, Eqn. (1), expressed at the CoM then become, Φ Φ Φ = λ λ λ ()C C Co o oM M M + µ µ µ(,) + p p p() + Φ Φ Φ e e e ()
where Φ Φ Φ is the operational force vector of the virtual endeffector, here the CoM. The vectorC C Co o oM M M is the acceleration of the CoM in the Cartesian space. The pseudo-kinetic matrix is λ λ λ (), µ µ µ(,) is the centrifugal and coriolis force vector, p p p() is the gravity force vector and Φ Φ Φ e e e () is the vector of external forces acting at contact points.
Matrices Description
Humanoid robots have many degrees of freedom, while the CoM acceleration is a function of the 3 degrees of freedom in the Cartesian space (three translations). Consequently, humanoids are redundant systems. Eqn. (6) to Eqn. (9) describe the matrices used in the expression of the dynamics at the CoM for redundant systems. However, for the possible use of this method on a simplified model of a humanoid (with no-more than six degrees of freedom), matrix descriptions for the non-redundant case are also introduced.
Redundant Humanoid Robots.
In the redundant case, some matrices used in the previous equations are not square and, as a consequence, not directly invertible. As such, generalized inversion is used instead.
The CoM Jacobian:
The gravity vector:
where U U U is the potential energy of the system, M the total mass of the humanoid, g the gravity constant and
is the vertical component of the transpose of the CoM Jacobian.
The pseudo-kinetic matrix:
where -1 denotes the matrix inverse.
The gravity force vector:
whereJ J J CoM () is the generalized inverse of J J J CoM () corresponding to the solution that minimizes the instantaneous kinetic energy.
The centrifugal and coriolis force vector:
The external force vector:
where J J J c () is the Jacobian of the free-floating base to the contact points (feet, hands). The forces, ϕ ext , are applied by the environment on the robot at contact points.
Non-Redundant Humanoid Robots.
The following equations are used in the case of a simplified model of a humanoid robot, or if the number of joints of the robot under study is equal to the desired number of degrees of freedom of the CoM acceleration.
CoM MANIPULABILITY
In this section, the CoM kinematic manipulability concept is reviewed and the CoM dynamic manipulability is introduced on the base of the dynamic equations expressed at the CoM.
CoM Kinematic Manipulability
The CoM kinematic manipulability concept was introced by Naksuk and Lee [27] , and is described by two indicators. The first one is the CoM kinematic manipulability index, Eqn. (14) which measures the distance between the current configuration of the robot and the closest singular pose. When W CoM reaches zero, the humanoid robot is in a singular pose, its CoM has lost one degree of freedom and, consequently, the humanoid robot cannot globally move in all directions.
The second indicator is the CoM kinematic manipulability ellipsoid. This ellipsoid defines a volume (or a surface in T CoM () and their lengths are determined by the singular values of J J J CoM (). A singular value decomposition (SVD) can also be used to find the direction and length of the ellipsoid's axes. The optimum direction to generate a global velocity for the humanoid robot is along the major axis, where the transmission ratio is maximum. Conversely, the velocity will be most accurately controlled along the minor axis.
CoM Dynamic Manipulability
The goal of the CoM dynamic manipulability measure is to represent geometrically, in the acceleration space, the ensemble of the accelerations achievable by the CoM. To measure accurately this space, the full environment and limits of the robot must be taken into account. To this end, the joint torque limits and the stability condition bounds the problem. The actual motion of the robot is also taken into account through the inclusion of the pseudo-kinetic matrix, the centrifugal and coriolis force vector, the gravity force vector, and the vector of forces exerted by the environment at contact points.
Recall the joint torque/force relationship, adapted to the CoM as,
As the joint torques in a robot are limited, the joint torque vector is bounded as follows:
Combining Eqns. (3), (15) and (16) yields the bounds of the CoM acceleration due to the bounds on the joint torques. 
Eqn. (17) becomes: (19) is shifted to the center of the joint torque space to bound only the CoM acceleration.
states the relationship between a point in the (3-dimensional) CoM acceleration space and the (n-dimensional) joint torque space whose bounds are given by
The CoM acceleration is now bounded by a polytope in the acceleration space whose convex envelope is a function of the following: the robot posture, velocity, contact forces, gravity, and joint torque limitations. Consequently, the space of the achievable accelerations under all constraints previously cited is represented by a polyhedron in the CoM acceleration space. Fig.  1 illustrates this. The torque bounds generate a polytope of dimension n in the torque space. This polytope, mapped into the acceleration space, gives another polytope of dimension 3. This mapping is given by the relationship described in Eqn. (21) . 
Approximation of the CoM Dynamic Manipulabilty
The first description of the acceleration space proposed is a quickly computable approximation of the exact acceleration space described in the next subsection. This approximation is made by the maximal size sphere contained inside the exact acceleration space. That is, the sphere which is tangent to the first hyper-plane of the acceleration space polytope representing the maximal acceleration space needs to be determined. Fig. 2 illustrates this idea.
FIGURE 2. APPROXIMATION WITH A SPHERE OF THE MAXI-MAL ISOTROPIC ACCELERATION ACHIEVABLE BY THE COM.
The assumption of a sphere and not an ellipsoid is made to find the maximal isotropic acceleration achievable by the CoM within the torque bounds of the actuators. This approach is similar to the acceleration radius developed by Graettinger and Krogh [13] and the ellipsoid expansion model by Bowling and Khatib [15] .
To find the maximal radius of the sphere, Eqn. (21) is recast as a classical optimization problem where the evaluation function, F , is the maximization of the volume of the sphere. The constraints are the robot bounds (from Eqn. 20), the isotropic condition on the CoM acceleration directions, and the dynamic balance constraints.
under the constraints:
In these constraints the ZMP is related to the CoM acceleration through the assumption of the well known inverted pendulum model, used as a simplified model of the humanoid, Eqn. (24), [22] [23] [24] . This model ensures the dynamic balance of the robot if the ZMP remains inside the base of support (defined by the convex hull created by the feet and whose borders are given by ZMP min and ZMP max .
gC oM y (24) Note that the ground projection of the approximated sphere gives a surface in which the CoM acceleration component can evolve satisfying the balance constraints and the constraints due to the robot bounds imposed by Eqn. (20) . This projection approach is similar to the ZMP manipulability ellipsoid, introduced by Naksuk and Lee [18] . Indeed, these two concepts share the same idea but remain different from their conception and their shape. Both under balance constraints, the ZMP manipulability ellipsoid focuses on the planar capacities of the ZMP to evolve while the CoM dynamic manipulability focuses on the spatial set of acceleration achievable by the CoM.
The important feature of this CoM acceleration space approximation is that there is no need to compute the exact acceleration space polytope in order to calculate the sphere inside the polytope. This process is faster than the exact mapping presented in the following subsection. It can be useful when a quick evaluation of the CoM capability is required, for example, to find the best pose for starting a gait.
Exact Calculation of the CoM Dynamic Manipulabilty
To exactly compute the set of accelerations achievable by the CoM, the hull of the convex polyhedron of the achievable CoM acceleration must be identified. To find this convex hull, all the points in the acceleration space corresponding to a saturation of one of the joint torques are generated. All the saturation points in the torque space can be found by the examination of the 2n peaks of the polytope, each peaks of the torque space being translated into a point in the acceleration space. This space change is done by left multiplying a peak of the torque space by the inverse of R R R() , Eqn. (25) .
Once the point cloud in the acceleration space is created, the inner convex hull of this point cloud is identified. Finally, the polyhedron described by this hull is restricted with the dynamic balance constraints, Eqn. (24) . There is no restriction on the vertical component of the CoM acceleration. This inner convex hull corresponds to the exact volume of the achievable CoM accelerations. The convex hull of such a point cloud can be readily computed through the QuickHull algorithm [29] , a classical computer graphics algorithm.
CASE STUDY
A simplified model of the HOAP3 humanoid robot, considerin only sagittal plane motion, illustrates the approach presented in this paper. First, the mechanical parameters of the simplified model are presented. With the original mechanical parameters, the CoM kinematic and dynamic manipulability are calculated during a stand up motion. Finally an optimization on the mechanical parameters of the robot improves the mean of the maximal CoM isotropic acceleration during the same stand up motion.
HOAP3 CoM Kinematic and Dynamic Manipulability
The HOAP3 robot under consideration is simplified to a five degree of freedom robot in the sagittal plane, where the right and left sides move in unison. Ankles, knees, hips, shoulders and elbows define the joints. The HOAP 3, as depicted in Fig. 4 on several poses during a stand up motion, has a height of 60cm and ia weight of 8.8kg. The dynamic equations of the HOAP3 motion were computed according to the equations presented in the previous section. The maximal joint torques are given in Tab. 1. Original masses and lengths are available on Fig. 10  and 11 . A stand up motion is implemented on the previously described humanoid robot. This motion was discretized into sixty poses, equally spaced in time, for which the CoM kinematic and dynamic manipulability were calculated. The stand up motion starts with a top height of 50 cm to finish at 60 cm when the robot is fully upright. As depicted in Fig. 8 , showing the CoM kinematic manipulability measure during the stand up motion, the CoM manipulability decreases to zero when the robot is upright, at a singularity pose. This phenomena is also illustrated by the CoM velocity ellipsoid where the direction of its main axis and its corresponding length are depicted in Fig. 5 . The best direction to generate a velocity goes from the vertical axis when the robot is in a squat pose toward the horizontal axis when the robot is upright. The maximal isotropic acceleration achievable by the CoM on this motion, computed according to the approximation method presented in the previous section, is depicted in Fig. 9 .
We remark that the maximum value occurs when the robot is almost upright (around the fifty fifth pose). This pose is very interesting and could be defined as the rest pose, where the robot should be able to generate a high acceleration, for initiating a gait, for example. Fig. 6 gives the exact polytope of the maximal accelerations achievable by the CoM in the acceleration space for a specific pose of the HOAP3 (the mid-pose of the stand up motion). Each point represents the mapping in the acceleration space of one of the 2 5 peaks of the polytope giving the torque bounds. The dashed blue line is the inner convex hull, which bounds all the accelerations achievable by the CoM without any constraints being violated. This inner hull is necessary to determine the maximal acceleration achievable by the CoM of the robot in all directions. The same evaluation on the complete stand up motion is depicted in Fig. 7 , highlighting the direction variation of the maximal CoM acceleration. This variation corresponds exactly to the variation observed with the CoM velocity ellipsoid.
Application to Design
The CoM dynamic manipulability concept illustrated in this paper can be useful in design optimization. The following example illustrates the optimization of the mechanical parameters of the HOAP3 robot to increase the maximal isotropic acceleration achievable by the robot CoM,CoM iso . The maximal CoM iso was calculated according to the acceleration space approximation previously presented, and taking into account the free-floating base, the external forces, and the dynamic balance constraints. To obtain potentially realizable results, the mass and length of the links were bounded so as not to change by more than twenty percent of their original values. However, as this paper is devoted to the study of humanoid robots, we added a constraint on the length distribution to keep an anthropomorphic structure. Indeed, the ratio between the length of the feet to the trunk and the length of the upper-arm and forearm (FT/FA ratio) must be conserved after the optimization. Thus, the optimization process is stated as follows:
under the constraints: * Optimized link mass < +/ − 20% original link mass * Total mass conservation * Optimized link length < +/ − 20% original link length * Total length conservation * FT/FA ration conservation (26) The results indicate that for this motion, link lengths have more influence than link masses. Following the optimization, the mean of the isotropic acceleration was increased by 26%, see Fig. 9 . Interestingly, the CoM kinematic manipulability was also increased, as shown in Fig. 8 . Fig. 10 and Fig. 11 show the optimized mechanical parameters. A second optimization that relaxes the constraints on the mechanical parameters and removes the constraint on the FT/FA ratio (yet keeps the total length and mass constraint) allows large improvements in the results (90%). However, in this case, the anthropomorphic proportions of the structure are lost. The proposed morphology is characterized by a length of the upper-arm and forearm quasi equal to length of the rest of the structure. Finally, the optimization tended to remove mass from the trunk and add it to the thigh. A potentially feasible modification to the robot is to remove the battery pack from the trunk and add it to its thigh. With such parameters, the mean of the maximal isotropic acceleration of the CoM was increased by 11% for the stand up motion.
Conclusion
As humanoid robots are complex mechanisms, we have proposed to use the operational space formulation to express the dynamic equations at the CoM of humanoid robots taking into account their special characteristics: free-floating base, forces at contact points, and dynamic balance constraints. The CoM kinematic manipulability was reviewed and the CoM dynamic manipulability concept was introduced. This manipulability index allows for the characterization of the capacity of a robot to generate any spatial acceleration of its CoM. Two levels of accuracy have been presented. The first method provides an approximation of the dynamic manipulability of the CoM. The sec- ond determines its exact polyhedron. Finally, a case study on HOAP3 humanoid robot during a stand up motion illustrated the CoM kinematic and dynamic manipulability concepts as well as their use for humanoid robot design optimization. With such an optimized design we could significantly improve the robot capabilities by enlarging the space of the admissible accelerations of its CoM. The CoM dynamic manipulabity is, consequently, a valuable index in the field of humanoid robotics. Furthermore, a new and promising investigation on an optimal walking control algorithm using dynamic equations expressed at the CoM is under development. Such a formulation is expected to enable finer CoM trajectory control than ZMP based walking control algorithms.
